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A Simple Idea (Blackie Sherrod) 

If you bet on a horse that's gambling. 

If you bet you can make three spades that’s 
entertainment. 

If you bet cotton will go up three points that’s 
business. 

If you bet that the right answer is “c” that’s 
high stakes testing! 

 

 



OUTLINE 

Psychometric Theory 

Behavioral Decision Theory 

Taking a Multiple Choice (MC) test 

Ex. 1: How many options? 

Ex. 2: The fine art of key balancing 

Ex. 3: To guess or not to guess 

Final remarks 

 



Psychometric Theory 

Psychometric theory is concerned with the 
development of objective measures of human 
aptitudes, abilities and traits.   

It deals with the development of 
measurement theories and principles, and the 
refinement of measurement methods.  

These methods can be used to construct 
reliable, valid and accurate instruments.  



Psychometric Theory 

Classical Test Theory: 

Observed Score = “True Score” + Error. 

 

By making “reasonable” assumptions about 
the properties of T and E the theory derives 
measures of “good tests” (reliability, validity, 
generalizability). 



Psychometric Theory 

Item Response Theory: 

   Prob(Correct Answer | Ability) = F(Ability, Item 
difficulty, Item discrimination, etc.). 

  

By making specific assumptions about the  
function, F, and its arguments the theory 
derives measures of “good tests” (accuracy of 
ability estimates, etc.). 



Behavioral Decision Theory 

A relatively young (a baby boomer) branch of 
Decision Theory that seeks to describe and model 
human judgment and decision behavior in various 
decision environments. 

How do people decide is contrasted with how people 
ought to decide to optimize their objectives.  

It has uncovered and successfully “explained” many 
suboptimal and anomalous patterns of behavior. 

 



Behavioral Decision Theory 

   Intuitive judgments of uncertainty by 
“representativeness”: 

Linda is judged more likely to be a “feminist 
bank teller” than a “bank teller”. 

Unlikely events (e.g., 65% newborn babies are 
boys) are judged to be equally (un)likely in 
small and large samples.  

 

 



Behavioral Decision Theory 

Inconsistent / incoherent decision patterns: 

Violations of transitivity (DMs prefer a over b,  
and b over c, but prefer c over a) due to  
attention shifts between attributes.  

Preference “reversals” across decision modes 
(DMs prefer a over b, but are willing to pay 
more for b than for a) because of context-
specific decision processes. 



Taking a Multiple Choice Test 

When answering a MC item a Test Taker (TT) 
faces a decision under uncertainty and /or 
with incomplete information.  

The TT is in one of three (subjective and not 
necessarily diagnostic) states: 

– Full knowledge 

– Absence of knowledge 

– Partial knowledge (Can be further quantified). 

 



Taking a Multiple Choice Test 

The TT’s action is a function of the 
internal state, the potential outcomes 
associated with correct / wrong answers, 
and the TT’s goals. 

A complete analysis of test taking 
behavior should reflect these 
considerations. 

 



Taking a Multiple Choice Test 

I plan to show that some convenient 
assumptions involved in test construction are 
naïve and / or unrealistic since they fail to take 
into account the TT’s analysis of the situation 
and / or make patently false assumption 
about the TT’s behavior.  

This may have unintended detrimental effects 
on the quality of the measurement.  



Multiple Choice Tests 

The most popular format of test administration 

 

Advantages: 

Standardized administration and scoring  

Ease of administration and scoring  

 

Critiques: 

Hard to express / measure partial knowledge  

Encourages “guessing”  
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Example 1 

 

 

How Many Options  

Should a Multiple Choice Item Have? 

 
     Budescu, D.V. & Nevo, B. (1985). Optimal number of options: 

An investigation of the assumption of proportionality. Journal 
of Educational Measurement, 22, 183-196. 



How Many Options?  

All “standard” psychometric solutions (Maximize 
discrimination, maximize reliability, maximize 
information) favor a small number (~ 3). 

They all invoke the “proportionality” assumption, 
i.e., increasing the number of options implies a 
proportional reduction in the number of items: 

 

Test time = t X (# of Items X # of Options)  

 



How Many Options? 

We manipulated systematically the number of 
options (from 2 to 5) in Math, Vocabulary and 
Reading tests. 

We analyzed (a) the number of items 
answered per fixed time, and (b) the average 
time per option  

Both analyses strongly reject the 
proportionality assumption. 

 

 



How Many Options? 

A “generalized proportionality” assumption 
that takes into account the level of 
“complexity” of the items (Math is most 
complex, Vocabulary is the simplest) is 
superior. 

In all cases the tests’ reliability benefits from 
having more response options (especially for 
complex tests).  



Example 2 

 

The Fine Art of  

Key Balancing 

 
     Bar-Hillel, M. & Attali, Y. (2002). Seek whence: Answer 

sequences and their consequences in key-balanced 
multiple choice tests. The American Statistician, 56, 1-5. 

 



The Fine Art of Key Balancing 



The Fine Art of Key Balancing 

An analysis of old tests reveals: 

Answers appear with (approximately) equal 
probabilities in all positions. 

There is no run longer than 3 consecutive 
correct answers in a position. 

Within any window of length 15, or more, all 
positions are represented at least once.  

 

 

 



The Fine Art of Key Balancing 

Test-makers “balance” the response key. 

This practice introduces sequential 
dependence between items – a feature that 
can be exploited by test-wise TTs. 

The balancing process reflects the common 
misperceptions about the nature and form of 
random sequences. 

 



The Fine Art of Key Balancing 

The “Underdog” strategy 

Answer all questions for which you “know” 
the answer. 

Count the number of your answers for all the 
positions. 

Identify the position with the lowest 
frequency (the underdog). 

Use it to answer all the as-yet-unanswered 
questions. 

 

 



The Fine Art of Key Balancing 

Simulations show that , compared to random 
guessing, this strategy adds 10 – 16 SAT points 
to one’s score (more than coaching!). 

Randomization of answer keys is superior to 
key balancing in all respects, but rarely 
practiced.  

 



Example 3 

 

 

To Guess or Not to Guess? 

 
      Budescu, D.V. & Bar-Hillel, M. (1993). To guess or not to guess: A 

decision theoretic view of formula scoring. Journal of Educational 
Measurement, 30, 277-292.   

     Budescu, D.V. & Bo, Y. (2014). Analyzing test-taking behavior: 
Decision theory meets psychometric theory. Psychometrika, In 
Press. 

 



To Guess or Not to Guess? 

Lord (1975) claimed that informed people 
often hold opposing ideas with great 
assurance on religion, politics….  

And formula scoring! 

Formula scoring (aka “correction for 
guessing”) is designed to minimize the bias 
and effects of random error introduced by 
“guessing”.  



Scoring Rules 

     A scoring rule consists of a triplet of numerical values that 
are awarded to Right answers (R), Wrong answers (W) and 
Omissions (O), s.t. R > O, W. Most scoring rules are special 
cases of the rule: 

 
Score = Nr*R + No*O + Nw*W 

 
Number right: (R=1,W=O=0) 
 
 Correction for guessing: (R=1,W=-1/(a-1), O=0) 

 
 Bonus for omission: (R=1, W=0, O=1/a) 
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“Correction for Guessing” 

Budescu and Bar-Hillel(1993) analyzed the procedure 
and concluded that they are misguided and are 
based on simplistic behavioral models.  

 
 Invoke a questionable model of knowledge (Know or Guess) 

 

 For rational (and risk  neutral) test takers, whose goal is to maximize 
their expected scores, answering dominates (weakly) omitting. 

 

 For TTs who are not risk neutral nor expected utility maximizers, the 
optimal policy varies   

 

 It is hard to write adequate instructions for formula scoring.  
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To Guess or Not to Guess? 

    Some (equally likely) sequences of 6 tosses of 
a fair coin: 

HHHTTT 

HTHTHT 

 

HTTHTH 

HTHTTH 

 



Some Advice (CB Homepage on July 8, 2011) 

 
 

http://sat.collegeboard.org/practice/sat-subject-test-preparation/approaches  
 

 Take an educated guess by ruling out one or more answer choices for a multiple-choice question 
as definitely wrong; your chances of guessing correctly among the remaining choices improve. 
 

http://professionals.collegeboard.com/testing/sat-subject/prep/approaches  
 

 Guess smart. If you can rule out one or more answer choices for a multiple-choice question as 
definitely wrong, your chances of guessing correctly among the remaining choices improve. If you 
have no clue as to the correct answer, random guessing is not to your advantage. You should omit 
questions only when you really have no idea how to answer them.  
 

http://professionals.collegeboard.com/testing/psat/prep/strategies  
 

 Educated guessing means guessing an answer whenever one or more of the choices can be 
eliminated as definitely wrong. Encourage students to use educated guessing. 

 Because ¼ of a point is deducted for a wrong answer to multiple-choice questions, random 
guessing is not recommended. Advise students to leave that question blank and move on to the 
next one. 
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Optimal “Correction for Guessing” 

 Espinosa and Gardeazabal (2010) proposed a new 
“optimal” penalty for guessing that is based on a 
decision theoretical analysis of the decision faced by 
a TT with partial information: 

    To answer or to skip (omit) item?  

Model assumptions:  

A test is a compound lottery  

“True” probability : 3-PL  IRT model 

One non-cognitive parameter: risk aversion, with 
utility function:  
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Optimal “Correction for Guessing” 

Auxiliary assumptions (for implementation): 
Ability, test difficulty and risk aversion are 

normally (and independently) distributed 
Goal: 
Find a penalty that maximizes correlation 

between observed scores and true knowledge 
(Test reliability) 

Solution: 
Numerical algorithm for setting optimal penalty 

and is a function of the difficulty of the test. It is 
always greater than 1/(a-1). 
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Inspired by Their Approach, but..Reservations About 
Some of the Model’s Details 

It is difficult to implement operationally 

It ignores some important behavioral results 
such as loss aversion (Bereby-Meyer et al., 
2003), mis-calibration of judged probabilities 
(Ben Simon, et al., 1997) 

What are the effects of the “corrections”? 

Is the model sensitive to the interests of the 
Test Makers and the Test Takers? 

Fordham University  Analyzing test-taking behavior 35 



Our Model: Simple Application of SEU 

The i’th TT answers item j if the SEU of 
answering is at least as high as the SEU of 
omitting it: 
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Our Model 

 Utility function (Prospect Theory; Tversky & 
Kahneman, 1992):    
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Possible Patterns of Confidence 

  Curve A: over-prediction 

 Curve B: under-estimation 

 Curve C: over-extremity 

 Curve D: under-extremity 

 Diagonal line E: perfect 

calibration  
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Our Model 

“True” probabilities from IRT model  (a=1) 

 

 

Subjective probabilities distort objective 
values (mis-calibration) (Karmarkar, 1978): 
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Our Model 

    Substituting the PT utility function and 
Karmarkar’s function into the SEU response 
model yields the decision rule: Answer if  

 

 

    

 which implies that the TT will answer item j iff  
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Our Model: Response Rule   

 

The i’th TT will answer item j, when 

 

 

 

in which      is the response threshold, which is 
(a) subjective and individual, but 

 (b) fixed for all items  
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Who Benefits and Who Is Penalized? 

We analyze how individual differences (in loss 
aversion, attitudes to risk and mis-calibration of 
probabilities), and the severity of the penalty 
affect the individual TTs’ behavior.  

We derive the value of the response threshold for 
various types of TTs, and various penalties for 
wrong answer. 

Assumptions: Rasch model, Karmarkar’s function 
(mis-calibration), Power utility function (with 
equal exponent for Gains and Losses)  
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Test-Takers’ Response Threshold Surface  
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Type I :  Risk averse and 
regressive probabilities  
 
 
Type II: Risk seeking and 
regressive probabilities; 
 
 
Type III: Risk averse and 
extreme probabilities; 
 
 
Type IV: Risk seeking and 
extreme probabilities.  
 

log( 0), log( 0)i i  

log( 0), log( 0)i i  

log( 0), log( 0)i i  

log( 0), log( 0)i i  



Response Threshold Surface: Effect of Loss Aversion 
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Type I :  Risk averse and 
regressive probabilities  
 
Type II: Risk seeking and 
regressive probabilities; 
 
Type III: Risk averse and 
extreme probabilities; 
 
Type IV: Risk seeking and 
extreme probabilities.  
 



Response Threshold Surface: Effect of Penalty  
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Type I :  Risk averse and 
regressive probabilities  
 
Type II: Risk seeking and 
regressive probabilities; 
 
Type III: Risk averse and 
extreme probabilities; 
 
Type IV: Risk seeking and 
extreme probabilities.  
 



Who Benefits and Who Is Penalized? 

The response threshold is highly sensitive to 
non-cognitive parameters: risk aversion, loss 
aversion and mis-calibration.  

The more risk averse, loss averse and 
regressively mis-calibrated a TT is, the more 
items he/she will omit.  

These effect are amplified by the severity of 
the penalty.  
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 What are the Effects of The Scoring Rules on the 
Estimated Score Distribution? 

The data: 

Nine cases obtained by crossing 3 attitudes to  
risk and 3 levels of mis-calibration (3/2, 1, 2/3) 

n=5,000 TTs form a standard normal distribution   

Test consists of 121 items with difficulties 
distributed uniformly (-3.0,-2.9,….,0,….2.9, 3.0) 

Compare True scores with estimated scores 

Criteria: 

Cramer-Von-Mises, Means, SDs, Skeweness, 
Reliability 
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Proportion of Items Omitted (Out of 121) 
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Score Parameter combination 

α=2/3 

γ=2/3 

α=2/3 

γ=1 

α=2/3 

γ=3/2 

α=1 

γ=2/3 

α=1 

 γ=1 

α=1 

γ=3/2 

α=3/2 

γ=2/3 

α=3/2 

γ=1 

α=3/2 

γ=3/2 

Proportion of items omitted  

W=0 
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

W=-1/5 
40.60 27.61 10.89 43.73 34.95 22.23 45.79 39.92 31.02 

W=-1/4 
44.27 32.94 17.15 46.17 38.59 27.40 47.43 42.36 34.62 

W=-1/3 
49.02 39.98 26.71 49.34 43.31 34.30 49.54 45.52 39.31 

W=-1/2 
55.70 49.99 41.43 53.80 49.99 44.26 52.51 49.98 45.98 



Box-Plots of Total (and True) Scores (b~ Uniform)  
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Cramer-vonMises(CVM) 

CVM is a measure of the closeness of an 
empirical distribution F* to a given theoretical 
distribution function F. It is defined as: 

 

 

     

      where      is the theoretical distribution and  

           is the empirical one.  
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Cramer-von-Mises(CVM) for Score Distribution  
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Means of Total Scores (Relative to True Mean) 
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Score Parameter combination 

α=2/3 

γ=2/3 

α=2/3 

γ=1 

α=2/3 

γ=3/2 

α=1 

γ=2/3 

α=1  

γ=1 

α=1 

γ=3/2 

α=3/2 

γ=2/3 

α=3/2 

γ=1 

α=3/2 

γ=3/2 

 Total Score/Mean True Score 

W=-1/5 
0.81 0.85 0.83 0.80 0.83 0.85 0.78 0.82 0.84 

W=-1/4 
0.78 0.82 0.81 0.77 0.80 0.82 0.76 0.79 0.81 

W=-1/3 
0.73 0.77 0.78 0.73 0.76 0.78 0.73 0.75 0.78 

W=-1/2 
0.66 0.69 0.72 0.67 0.69 0.71 0.68 0.69 0.71 

Note: Mean True Score = 60.437 
 



SDs of Total Scores / SD of True Scores  
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Score Parameter combination 

α=2/3 

γ=2/3 

α=2/3  

γ=1 

α=2/3 

γ=3/2 

α=1 

 γ=2/3 

α=1  

γ=1 

α=1 

 γ=3/2 

α=3/2 

γ=2/3 

α=3/2  

γ=1 

α=3/2 

γ=3/2 

 SD Total / SD True Score 

W=0 
1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.03 1.02 

W=-1/5 
1.08 1.09 1.11 1.08 1.08 1.09 1.08 1.08 1.09 

W=-1/4 
1.08 1.09 1.10 1.08 1.08 1.09 1.08 1.08 1.08 

W=-1/3 
1.07 1.08 1.09 1.08 1.07 1.08 1.07 1.08 1.07 

W=-1/2 
1.05 1.06 1.07 1.06 1.06 1.07 1.07 1.07 1.07 

Note: SD True Score = 17.049 
 



Skewness of Total Scores 
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Score Parameter combination 

α=2/3 

γ=2/3 

α=2/3 

γ=1 

α=2/3 

γ=3/2 

α=1 

γ=2/3 

α=1 

 γ=1 

α=1 

γ=3/2 

α=3/2 

γ=2/3 

α=3/2 

γ=1 

α=3/2 

γ=3/2 

 Skewness Total  

W=0 
-0.06 -0.06 -0.07 -0.07 -0.07 -0.06 -0.07 -0.09 -0.07 

W=-1/5 
0.11 0.10 0.11 0.13 0.11 0.08 0.14 0.11 0.12 

W=-1/4 
0.13 0.13 0.12 0.17 0.12 0.11 0.15 0.15 0.12 

W=-1/3 
0.17 0.16 0.13 0.16 0.17 0.11 0.19 0.15 0.14 

W=-1/2 
0.19 0.18 0.19 0.19 0.18 0.16 0.20 0.18 0.19 

Note: Skewness True Score = -0.0749 



The Effect of Item Difficulties (b vector) on Total and True Scores 
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            b～U(-3,3)             b～N(0,1) 



 What are the Effects of The Scoring Rules on the 
Estimated Score Distribution? 

The distributions of scores is: 

Biased (under-estimation) 

Has excessive variance 

Has excessive skewness 

The effects are magnified by the level of penalty 
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Conclusion: Penalty for Incorrect Answers Has 
Negative Consequences  
  

Test-Takers:  

 It induces the need to make decisions that are 
irrelevant to the measurement of TTs’ abilities. 

The response process (and the final scores) 
depend on non-cognitive factors  that are 
unrelated to the target  abilities. 

 It favors some TT unfairly. 
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Conclusion: Penalty for Incorrect Answers Has 
Negative Consequences 

 

Test-Makers:  

The distribution of scores as estimated from the 
tests is  

o Biased  

o Has excessive variance and skewness 
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Conclusion 

There are no “optimal” penalties that can be 
universally implemented without invoking 
strong (and hard to justify) assumptions about 
the non-cognitive parameters in the 
population of TTs.  

 

Indeed, it is detrimental to include penalties 
for incorrect answers in MC tests. 
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Final Remarks 

Behavioral decision theory has destroyed the 
mythical ”homo economicus” and caused economists 
to rethink many of their assumptions. 

It could have a similar effect on psychometrics and 
lead to improved principles of test design that rely on 
realistic assumptions about the TTs. 

In many cases this would lead to superior 
measurement instruments.   



Final Remarks 

Some specific recommendations 

Adopt simple and intuitive scoring rules 
(“Always answer”).  

Randomize keys (and explicit inform TTs). 

Develop new item formats (e.g., “Multiple 
Matching” and “Multiple Selections”) that 
decouple the items and the possible 
responses. 

 

 



Final Remarks 

   These steps have the potential of 
improving measurement by: 

    
– Eliminating many sources of random noise 

(attitudes to risk, ability to strategize, etc.). 

– Reduce effects of heterogeneous motives.  

– Reduce susceptibility to answers based on test-
wiseness.   

– Simplify administration 

 

 



Question & Comments 

 

 

David V. Budescu 

Budescu@fordham.edu 

Yuanchao Bo 

boyuanchao@gmail.com 

 

Thank you! 
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Instructions (1) 

 First, we calculate your raw scores 
 Your raw scores are calculated for each section based on the number of questions 

you got correct or incorrect, or that you omitted. 
 SAT Scoring 
 +1 point for questions you get correct-1/4 point subtracted for incorrect multiple-

choice 
 0 points subtracted for incorrect student-produced response (math section) 
 0 points subtracted for questions you don't answer 

 
 Subject Tests Scoring 
 +1 point for questions you get correct-1/4 point subtracted for each 5-choice 

question 
 -1/3 point subtracted for each 4-choice question 
 -1/2 point subtracted for each 3-choice question 
 0 points subtracted for questions you don't answer 

 
 Source: http://sat.collegeboard.org/scores/how-sat-is-scored 
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Instructions (2) 

 
 

 http://sat.collegeboard.org/practice/sat-subject-test-preparation/approaches  
 

 Take an educated guess by ruling out one or more answer choices for a multiple-choice question as definitely wrong; your chances of guessing 
correctly among the remaining choices improve. 

 Omit questions only when you really have no idea how best to answer them. You don't gain or lose points for omitting an answer. 
 

 http://professionals.collegeboard.com/testing/sat-subject/prep/approaches  
 

 Guess smart. If you can rule out one or more answer choices for a multiple-choice question as definitely wrong, your chances of guessing correctly 
among the remaining choices improve. If you have no clue as to the correct answer, random guessing is not to your advantage. You should omit 
questions only when you really have no idea how to answer them.  
 

 http://professionals.collegeboard.com/testing/psat/prep/strategies  
 

 About guessing 
 Educated guessing means guessing an answer whenever one or more of the choices can be eliminated as definitely wrong. Encourage students to use 

educated guessing. 
 Because ¼ of a point is deducted for a wrong answer to multiple-choice questions, random guessing is not recommended. Advise students to leave 

that question blank and move on to the next one. 
 Students can earn an above-average score by getting only half the questions right and omitting answers for the rest of the questions. 

 
 http://www.collegeboard.com/prod_downloads/sat/getting-ready-for-the-sat-subj-tests.pdf  

 
 Make educated guesses. You have a better chance of guessing the right answer if you can rule out on 
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Hypothesis 

 For Test-Takers: The effect of applying a penalty for wrong 
response has detrimental effect on TTs’ test performance, TTs 
with different levels of risk attitude (risk attitude for gains, risk 
attitude for losses), mis-calibration and loss aversion will be 
affected differently because of the introduction of penalties in 
calculating test scores.   

 

 For Test-Makers: this affects Test-Makers’ ability to make 
accurate inferences about the distribution of TTs’ true scores. 
The distributions generated by these procedures are likely to 
be biased and skewed. 
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